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Computable structures

Definition
A countable structure M is computable if its relations, functions,
and constants are uniformly computable.
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Definition
A countable structure M is computable if its relations, functions,
and constants are uniformly computable. Equivalently, if its atomic

diagram D(M) € 2 is computable.

Remark
We may assume that all structures are relational.
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the set of Turing degrees
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Isomorphisms

Definition
If A= B are computable structures, their isomorphism spectrum is
the set of Turing degrees

IsoSpec(A,B) ={d: (3If : A= B) f <7 d}.

Example

Let A C w be a c.e. set with a fixed computable enumeration
(aj : i <w). Consider the structure (w, <a) where

® 2n<a2mforall n< m,
® 23, <pa2i+1<y2a;+2foralli <w.
The (unique) isomorphism f : (w, <) = (w,<a) has f =7 A. So,

IsoSpec((w, <), (w,<a)) = D(> deg1(A)) := {d : d > deg+(A)},
the cone above deg(A).
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Computable categoricity

Definition
The categoricity spectrum of M is

CatSpec(M) = ﬂ IsoSpec(A, B)
A=B=M

If CatSpec(M) = D(> d), d is the degree of categoricity of M.
If there are A = B = M with

IsoSpec(A, B) = CatSpec(M) = D(> d), then d is the strong
degree of categoricity of M.

Example
CatSpec(w, <) = D(> 0).
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Computable categoricity

Question (Fokina, Kalimullin, and R. Miller 2009)

Does there exist a Turing degree d that is a degree of categoricity,
but not a strong degree of categoricity?



000@0000000000000

Computable categoricity

Question (Fokina, Kalimullin, and R. Miller 2009)

Does there exist a Turing degree d that is a degree of categoricity,
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Theorem (following Bazhenov, Kalimullin, Yamaleev 2016 &
2020)

If CatSpec(M) = D(> d) and d is not the strong degree of
categoricity of any structure, then there exist computable copies
A = B = M such that IsoSpec(.A, B) is not a finite union of cones.
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Computable categoricity

Question (Fokina, Kalimullin, and R. Miller 2009)

Does there exist a Turing degree d that is a degree of categoricity,
but not a strong degree of categoricity?

Theorem (following Bazhenov, Kalimullin, Yamaleev 2016 &
2020)

If CatSpec(M) = D(> d) and d is not the strong degree of
categoricity of any structure, then there exist computable copies
A = B = M such that IsoSpec(.A, B) is not a finite union of cones.

Goal: Show that (computable) unions of isomorphism spectra are
also isomorphism spectra.
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Union of two isomorphism spectra

Given computable copies Ag = By and A; = B;, we want to
construct computable structures M = A such that

IsoSpec(M, N') = IsoSpec(Ag, By) U IsoSpec(A;z, B1).
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Union of two isomorphism spectra

Given computable copies Ag = By and A; = 51, we want to
construct computable structures M = A such that

IsoSpec(M, N') = IsoSpec(Ag, By) U IsoSpec(A;z, B1).

“Attach” the original structures to P4, the 4-vertex undirected
path:

M: Ay — A1 — By — By
N: Ay — Bi — A1 — By

M and N are isomorphic and have two kinds isomorphisms,
corresponding to the two automorphisms of Py.
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uniformly computable collection of structures.
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Computably composite structures

Let S be a computable structure, and let A = { A, : x € S} be a
uniformly computable collection of structures.

S[A] is the structure obtained by “attaching” all points of A, to
x € S via a new directed edge relation:

< 4y < a4 < aw < @ < a <
z
T by < by < by <
Y
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S[A] is the structure obtained by “attaching” all points of A, to
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Computably composite structures

Theorem
Every computable copy of a computably composite structure is
also computably composite.
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Computably composite structures

Theorem
Every computable copy of a computably composite structure is
also computably composite.

Theorem
Suppose G[B] is a computable copy of S[A]. Then the
isomorphisms from S[A] to G[B] are exactly the maps of the form

PZHUU%

xES

where 0 : S = G and ¢, : A = By(xy for each x € S.
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Union of two isomorphism spectra

M = Pyl Ao, A1, B1, By : N = P4[Ag, B, A1, Bo)

Ao — A1 — B1 — By Ag — B — A1 — By
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Union of two isomorphism spectra

M = Pyl Ao, A1, B1, By : N = P4[Ag, B, A1, Bo)
Ao — A1 — B1 — By Ao — B1 — A1 — By
The isomorphisms p : M = A have the form

p=20U U'@bx

XEPy

where 0 : P4 = P4 and ), is an isomorphism between the
components at index x in M and at index 6(x) in \V.

IsoSpec(N, M) = IsoSpec(Ag, Bo) U IsoSpec(Az, B1).
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H

We define a structure, H = (H,{D;}i<w, {Ei}i<w) with universe
H = [w]** U (w x {0,1}).
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H

We define a structure, H = (H,{D;}i<w, {Ei}i<w) with universe
H = [w]** U (w x {0,1}).

Think of [w]<“ as an infinite-
dimensional ~ cube  where
X,Y € [w]=¥ are adjacent if
IXAY| =1



For X, Y € [w]™¥,

000000000 e0000000

E(X,Y) s E(Y,X) e XAY = {i}.

{1,2}

{1}

/

{0,1}

{0}

{0,1,2}

{0,2}
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H

The two opposite “faces” of the cube [w]<“ in the i*" dimension
are the sets

Li={Xew:i¢X}and R ={X € [w]*¥:i€ X}
{1,2) {0,1,2}

{1} {0,1}

{2} {0,2}
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H

We label the faces L; and R; with the elements (/,0) and (/,1).

We also add directed D;-edges from the points of L; to (/,0) and
from the points of R; to (i,1).
1.2} — {0.1.2)
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H

We label the faces L; and R; with the elements (/,0) and (/,1).

We also add directed D;-edges from the points of L; to (/,0) and
from the points of R; to (i,1).

{LQ} {(],1’2}
\\: (1,1) ,,,,,,,,,,,,,,
{]} - \\1{0' ]}
{‘ } — {0 . }
\\\ e -
\\
— (1, O)L 2
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Automorphisms of H
Let hx be the unique automorphism of H, with hx () = X.

{1,2} {0,1,2}

/
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Automorphisms of H

Let hx be the unique automorphism of H, with hx(0) = X.

{1}

{1,2}

1,

(0.1}

(2/1)

(0,1)

{0,1,2}

hx(Y) = XAY if Y € [w]<~

: N
x(ina) =10 TIE
{0,2} (17 1- 3) if ie X
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Automorphisms of H
Let hx be the unique automorphism of H, with hx(0) = X.

{1,2} {0,1,2}

-

{1} {0.1}
(2.1) hX(Y) = XAY If Y S [W]<w

(0,0) (0,1) . {(I, 3) If i g X

hx(i,a) =
20 x(i,2) (i,1—a) ifieX
2 (0.2}

(1,0

0 {0}

Theorem
The automorphisms of H are exactly {hx : X € [w]<“}. Moreover,
every isomorphism between computable copies of H is computable.
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Computably composite structures on H

Theorem

Given any two uniformly computable collections of copies
A={A;:i<w}and B={B;:i<w} such that for each i,
A; =2 B;, there exists a structure with two computable copies
M = N where IsoSpec(M,N) = ;. IsoSpec(A;, B;).
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Computably composite structures on ‘H
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Isomorphism spectrum that is not a finite union of cones

By a result of Thomason (1971), there is a uniformly c.e. sequence
of sets {Z; : i < w} such that if i # j, then Z; and Z; are Turing
incomparable.
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Isomorphism spectrum that is not a finite union of cones

By a result of Thomason (1971), there is a uniformly c.e. sequence
of sets {Z; : i < w} such that if i # j, then Z; and Z; are Turing
incomparable.

So the collection B = {(w, <z)}i<w is uniformly computable.
Recall that IsoSpec((w, <), (w, <z)) = D(> degr(Z;)).

Let M and N be the computably composite structures on H
corresponding to A = {(w, <)}i<w and B. Then,

IsoSpec(M,N) = U IsoSpec((w, <), (w, <z))
i<w

= {d: (3i < w)d > deg(Z;)}

which is not a finite union of cones.
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Categoricty spectra of CCS's?

This M = H[(w, <) : i € H] has strong degree of categoricity 0'.
Question

What can we say about categoricity spectra of CCS’s on H and
CCS’s in general?

We always have
CatSpec(H[A]) C ﬂ CatSpec(A)).
i<w

The other inclusion holds if and only if all A; satisfy a particular
notion of uniform categoricity.



	

