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Computable categoricity
Definition
A computable structure A is X-computably categorical for a set
X C N if for every computable copy B of A, there is an
X-computable isomorphism from A to B.
Definition (Fokina, Kalimullin, R. Miller, 2010)
The categoricity spectrum of a computable structure A is
CatSpec(A) = {deg(X) : A is X-computably categorical }.
Definition (Fokina, Kalimullin, R. Miller, 2010)

If CatSpec(.A) has a least element, d, then d is the degree of
categoricity of A.

Joey Lakerdas-Gayle (University of Waterloo)



Computable Categoricity
°

Computable categoricity

Definition
A computable structure A is X-computably categorical for a set

X C N if for every computable copy B of A, there is an
X-computable isomorphism from A to B.

Definition (Fokina, Kalimullin, R. Miller, 2010)

The categoricity spectrum of a computable structure A is
CatSpec(A) = {deg(X) : A is X-computably categorical }.
Definition (Fokina, Kalimullin, R. Miller, 2010)

If CatSpec(.A) has a least element, d, then d is the degree of
categoricity of A.

E.g., (Q, <) is computably categorical,
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Computable categoricity

Definition
A computable structure A is X-computably categorical for a set

X C N if for every computable copy B of A, there is an
X-computable isomorphism from A to B.

Definition (Fokina, Kalimullin, R. Miller, 2010)

The categoricity spectrum of a computable structure A is
CatSpec(A) = {deg(X) : A is X-computably categorical }.
Definition (Fokina, Kalimullin, R. Miller, 2010)

If CatSpec(.A) has a least element, d, then d is the degree of
categoricity of A.

E.g.. (Q, <) is computably categorical, degCat(w, <) =0'.
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Isomorphism spectra
Definition

The isomorphism spectrum of a pair of computable structures A
and B is IsoSpec(A,B) ={d: (If : A= B)d >7 f}.
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Isomorphism spectra

Definition
The isomorphism spectrum of a pair of computable structures A
and B is IsoSpec(A,B) ={d: (If : A= B)d >7 f}.

CatSpec(A) = (N{IsoSpec(B,C) : B = C = A are computable}.
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Isomorphism spectra
Definition

The isomorphism spectrum of a pair of computable structures A
and B is IsoSpec(A,B) ={d: (If : A= B)d >7 f}.

CatSpec(A) = (N{IsoSpec(B,C) : B = C = A are computable}.
Definition (Fokina, Kalimullin, R. Miller, 2010)

If degCat(.A) = d and there are computable copies B=C = A
such that CatSpec(.A) = IsoSpec(B,C), then d is the strong
degree of categoricity of A.

Joey Lakerdas-Gayle (University of Waterloo)
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Isomorphism spectra

Definition
The isomorphism spectrum of a pair of computable structures A
and B is IsoSpec(A,B) ={d: (If : A= B)d >7 f}.

CatSpec(A) = (N{IsoSpec(B,C) : B = C = A are computable}.
Definition (Fokina, Kalimullin, R. Miller, 2010)

If degCat(.A) = d and there are computable copies B=C = A
such that CatSpec(.A) = IsoSpec(B,C), then d is the strong
degree of categoricity of A.

Question (Fokina, Kalimullin, R. Miller, 2010)

Is every degree of categoricity a strong degree of categoricity?

Joey Lakerdas-Gayle (University of Waterloo)
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Degrees of categoricity
Theorem (Bazhenov-Kalimullin-Yamaleev 2020)

If M has degree of categoricity d and there is a finite family
{A;,B; : i < k} of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(Aj, Bj)

i<k

then the direct product M x M x --- x M (k times) is a
computable structure with strong degree of categoricity d.

Joey Lakerdas-Gayle (University of Waterloo)



Isomorphism Spectra
000

Degrees of categoricity
Theorem (Bazhenov-Kalimullin-Yamaleev 2020)

If M has degree of categoricity d and there is a finite family
{A;,B; : i < k} of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(Aj, Bj)
i<k

then the direct product M x M x --- x M (k times) is a
computable structure with strong degree of categoricity d.

So if d = degCat(,M) is not a strong degree of categoricity, then
there is no such finite family. That is, M has infinite spectral
dimension.
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Degrees of categoricity
Theorem (Bazhenov-Kalimullin-Yamaleev 2020)

If M has degree of categoricity d and there is a finite family
{A;,B; : i < k} of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(Aj, Bj)
i<k
then the direct product M x M x --- x M (k times) is a
computable structure with strong degree of categoricity d.

So if d = degCat(,M) is not a strong degree of categoricity, then
there is no such finite family. That is, M has infinite spectral
dimension.

A structure of Turetsky (2020) has infinite spectral dimension and
a degree of categoricity.

Joey Lakerdas-Gayle (University of Waterloo)
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Infinite spectral dimension

Suppose degCat(M) = d and there is a computable sequence
(A;, Bj)i<w of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(A;, B;).

i<w

Does the infinite direct product M x M x M x ... have strong
degree of categoricity d?

Joey Lakerdas-Gayle (University of Waterloo)
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Infinite spectral dimension

Suppose degCat(M) = d and there is a computable sequence
(A;, Bj)i<w of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(A;, B;).
i<w

Does the infinite direct product M x M x M x ... have strong
degree of categoricity d?

No. E.g. (w,S) is computably categorical, but

(w,S) X (w,S) x (w,S)x has strong degree of categoricity 0'.

Joey Lakerdas-Gayle (University of Waterloo)
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Infinite spectral dimension

Suppose degCat(M) = d and there is a computable sequence
(A;, Bj)i<w of computable copies of M such that

CatSpec(M) = ﬂ IsoSpec(A;, B;).
i<w

Does the infinite direct product M x M x M x ... have strong
degree of categoricity d?
No. E.g. (w,S) is computably categorical, but
(w,S) X (w,S) x (w,S)x has strong degree of categoricity 0'.
Observation
If M is “uniformly d-computably categorical”, then
M x M x M x ... is d-computably categorical.
Eg., (Q <) x(Q <) x(Q,<) x ... is computably categorical.

Joey Lakerdas-Gayle (University of Waterloo)
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Unions of isomorphism spectra

The class of isomorphism spectra is closed under computable
union:

Proposition (L.)

If (Ai, Bi)i<w is a uniformly computable sequence of computable
copies of structures, then there are computable structures M and
N such that IsoSpec(M,N) = ;. IsoSpec(Ai, B;).
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Unions of isomorphism spectra
The class of isomorphism spectra is closed under computable
union:
Proposition (L.)

If (Ai, Bi)i<w is a uniformly computable sequence of computable
copies of structures, then there are computable structures M and

N such that IsoSpec(M,N) = U, IsoSpec(A;, B).

i<w

M and N are obtained by “gluing together” the copies
(Aj, Bi)i<w in a particular way.

Joey Lakerdas-Gayle (University of Waterloo)
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Unions of isomorphism spectra

The class of isomorphism spectra is closed under computable
union:

Proposition (L.)

If (Ai, Bi)i<w is a uniformly computable sequence of computable
copies of structures, then there are computable structures M and
N such that IsoSpec(M,N) = ;. IsoSpec(Ai, B;).

M and N are obtained by “gluing together” the copies
(Aj, Bi)i<w in a particular way.

Observation

If (A;, Bi)i<w are “uniformly d-computably categorical”, then M is
d-computably categorical.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity
Definition (Ventsov '92; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is (strongly) uniformly computably
categorical (u.c.c.) if there is a Turing functional W such that if B
is a computable copy of A, then WP(B) : A ~ B,

Definition (Kudinov '96; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is weakly uniformly computably
categorical (w.u.c.c.) if there is a Turing functional T such that
whenever pe = D(B) and B = A, then & : A= B.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity
Definition (Ventsov '92; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is (strongly) uniformly computably
categorical (u.c.c.) if there is a Turing functional W such that if B
is a computable copy of A, then WP(B) : A ~ B,

Definition (Kudinov '96; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is weakly uniformly computably
categorical (w.u.c.c.) if there is a Turing functional T such that
whenever pe = D(B) and B = A, then & : A= B.

® y.c.c. = w.u.c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity
Definition (Ventsov '92; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is (strongly) uniformly computably
categorical (u.c.c.) if there is a Turing functional W such that if B
is a computable copy of A, then WP(B) : A ~ B,

Definition (Kudinov '96; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is weakly uniformly computably
categorical (w.u.c.c.) if there is a Turing functional T such that
whenever pe = D(B) and B = A, then & : A= B.

® y.c.c. = w.u.c.c.

e A structure of Kudinov (1997) is w.u.c.c. but not u.c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity
Definition (Ventsov '92; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is (strongly) uniformly computably
categorical (u.c.c.) if there is a Turing functional W such that if B
is a computable copy of A, then WP(B) : A ~ B,

Definition (Kudinov '96; Downey-Hirschfeldt-Khoussainov '03)

A computable structure A is weakly uniformly computably
categorical (w.u.c.c.) if there is a Turing functional T such that
whenever pe = D(B) and B = A, then & : A= B.

® u.c.c.= w.u.c.c.
e A structure of Kudinov (1997) is w.u.c.c. but not u.c.c.

® If M is w.u.c.c., then M x M X ... is computably
categorical.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity

(w, S) is computably categorical, but not u.c.c. or w.u.c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity

(w, S) is computably categorical, but not u.c.c. or w.u.c.c.

Definition (R. Miller, 2017)

A countable structure A is X-uniformly A .-computably
categorical if there is a Turmg functlonal WV such that if
B2 C = A, then WX®5

Joey Lakerdas-Gayle (University of Waterloo)
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Uniform computable categoricity

(w, S) is computably categorical, but not u.c.c. or w.u.c.c.

Definition (R. Miller, 2017)

A countable structure A is X-uniformly A .-computably
categorical if there is a Turing functional W such that if
B2C 2 A, then WXeB5@ec . g

Definition (L.)

A computable structure A is weakly X-uniformly Y-computably
categorical (w.X.u.Y .c.c.) if there is a Turing functional ' such
that whenever ¢, = D(B) and B =2 A, then CDP/X(e) A B.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity

Examples:
* (Q,<)is w.h.ub.c.c. (so, w.X.u.Y.c.c. for all X, Y CN).

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity

Examples:
* (Q,<)is w.h.ub.c.c. (so, w.X.u.Y.c.c. for all X, Y CN).
* (w,<)isw.X.u.Y.cc.ifand only if Y > (.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity

Examples:
* (Q,<)is w.h.ub.c.c. (so, w.X.u.Y.c.c. for all X, Y CN).
* (w,<)isw.X.u.Y.cc.ifand only if Y > (.

® (w,S)is not w..u.f.c.c., butitis w.0.u.0).c.c. and
w.f.ul.c.c.

If f: (w,S) 2 Me = (w,S5), then £(n) = S"(min(M.)).

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w.0.uf.c.c. and w.0.u.0V.c.c.
e If X>r (0 orY>7 W then (w,S) is w.X.u.Y.c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w..ub.c.c. and w.0.u.fV.c.c.

e If X>70 or Y >7(, then (w,S) is w.X.u.Y.c.c.
Q: Is this necessary?

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w..ub.c.c. and w.0.u.fV.c.c.

e If X>70 or Y >7(, then (w,S) is w.X.u.Y.c.c.
Q: Is this necessary?

Observation

1. If (w,S)is w.0.u.Z.c.c., then Z > (/.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w..ub.c.c. and w.0.u.fV.c.c.

e If X>70 or Y >7(, then (w,S) is w.X.u.Y.c.c.
Q: Is this necessary?

Observation

1. If (w,S)is w.0.u.Z.c.c., then Z > (/.
2. If Ais w.X.u.Y.c.c., then Ais w.0.u.(X & Y).c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w..ub.c.c. and w.0.u.fV.c.c.

e If X>70 or Y >7(, then (w,S) is w.X.u.Y.c.c.
Q: Is this necessary?

Observation

1. If (w,S)is w.0.u.Z.c.c., then Z > (/.
2. If Ais w.X.u.Y.c.c., then Ais w.0.u.(X & Y).c.c.

® If (w,S)isw.X.u.Y.c.c., then X®Y >1 (.

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w..ub.c.c. and w.0.u.fV.c.c.

e If X>70 or Y >7(, then (w,S) is w.X.u.Y.c.c.
Q: Is this necessary?

Observation

1. If (w,S)is w.0.u.Z.c.c., then Z > (/.
2. If Ais w.X.u.Y.c.c., then Ais w.0.u.(X & Y).c.c.

® If (w,S)isw.X.u.Y.c.c., then X®Y >1 (.
Q: Is this sufficient?

Joey Lakerdas-Gayle (University of Waterloo)
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Weakly uniform computable categoricity of (w, S)

For which X and Y is (w,S) w.X.u.Y.c.c.?
® (w,S)is not w.0.u.f).c.c.
e w.0.uf.c.c. and w.0.u.0V.c.c.
e If X>r (0 orY>7 W then (w,S) is w.X.u.Y.c.c.

Q: Is this necessary?
Observation

1. If (w,S)is w.0.u.Z.c.c., then Z > (/.
2. If Ais w.X.u.Y.c.c., then Ais w.0.u.(X & Y).c.c.

® If (w,S)isw.X.u.Y.c.c., then X®Y >1 (.
Q: Is this sufficient?

Answer: No (to both questions).

Joey Lakerdas-Gayle (University of Waterloo)
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X @Y >1 0 is not sufficient
Proposition (L.)

There is a pair of disjoint c.e. sets X, Y such that X ® Y =1 (/
but (w, S) is not w.X.u.Y .c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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X @Y >1 0 is not sufficient
Proposition (L.)
There is a pair of disjoint c.e. sets X, Y such that X ® Y =1 (/
but (w, S) is not w.X.u.Y .c.c.

Proof idea.
Finite injury priority construction:
® Build ce. sets XU Y =0 (so that X & Y >7 (')

Joey Lakerdas-Gayle (University of Waterloo)
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X @Y >1 0 is not sufficient
Proposition (L.)

There is a pair of disjoint c.e. sets X, Y such that X ® Y =1 (/
but (w, S) is not w.X.u.Y .c.c.

Proof idea.
Finite injury priority construction:
® Build ce. sets XU Y =0 (so that X & Y >7 (')
® Build copies M, = (w, S) such that d>;:lx(ej)(0) # min(M;)
for each j
[]

Joey Lakerdas-Gayle (University of Waterloo)
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X @Y >1 0 is not sufficient
Proposition (L.)

There is a pair of disjoint c.e. sets X, Y such that X ® Y =1 (/
but (w, S) is not w.X.u.Y .c.c.

Proof idea.
Finite injury priority construction:
® Build ce. sets XU Y =0 (so that X & Y >7 (')
® Build copies M, = (w, S) such that d>;:lx(ej)(0) # min(M;)
for each j
[]

Corollary
w.(A® B).u.Y.cc. & wAu(BaY).c.c.

Joey Lakerdas-Gayle (University of Waterloo)



Computable Categoricity Isomorphism Spectra Uniform Computable Categoricity
o 0000 00000@000

X >70 orY >t (is not necessary

Proposition (L.)

There is a X3 set X 1 (' and a c.e. set Y <t (/ such that (w, S)
isw.X.u.Y.c.c.

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary

Computable Categoricity
o]

Proposition (L.)
There is a X3 set X 1 (' and a c.e. set Y <t (/ such that (w, S)
isw.X.u.Y.c.c.

The proof is a priority construction on a tree of strategies:

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary

Proposition (L.)

There is a X3 set X 1 (' and a c.e. set Y <t (/ such that (w, S)
isw.X.u.Y.c.c.

The proof is a priority construction on a tree of strategies:

Re: Mg 2 (w,S) = CD,}:X(e) = min(M,)

NX : &X # C for some c.e. set C

NY : &Y £ D for some c.e. set D

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary
The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = CD“’;X(e) = min(M.)
NX . ®X # C for some c.e. set C
NY : &Y - D for some c.e. set D

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 or Y >7(is not necessar
y

The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = CDJ:X(e) = min(M.)
NX . ®X # C for some c.e. set C

NY : &Y - D for some c.e. set D

® To satisfy R., watch D(M.) and enumerate into X or Y
when the guess for min(M,) changes.

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary
The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = ¢$)<(e) = min(M.)
NX . ®X # C for some c.e. set C
NY : &Y - D for some c.e. set D

® To satisfy R., watch D(M.) and enumerate into X or Y
when the guess for min(M,) changes.

® Problem: We might restrict initial segments of X and Y such
that we cannot satisfy Re.

Joey Lakerdas-Gayle (University of Waterloo)



Uniform Computable Categoricity
000000800

X >70 orY >t (is not necessary
The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = ¢$)<(e) = min(M.)
NX . ®X # C for some c.e. set C
NY : &Y - D for some c.e. set D

® To satisfy R., watch D(M.) and enumerate into X or Y
when the guess for min(M,) changes.

® Problem: We might restrict initial segments of X and Y such
that we cannot satisfy Re.

¢ (Partial) solution: Build the tree dynamically so that we can
“prioritize” Re if it cannot enumerate into X.

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary
The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = ¢$)<(e) = min(M.)
NX . ®X # C for some c.e. set C
NY : &Y - D for some c.e. set D

® To satisfy R., watch D(M.) and enumerate into X or Y
when the guess for min(M,) changes.

® Problem: We might restrict initial segments of X and Y such
that we cannot satisfy Re.

¢ (Partial) solution: Build the tree dynamically so that we can
“prioritize” Re if it cannot enumerate into X.

® New problem: Different parts of the tree are ordered
differently and may enumerate into X and Y “incorrectly”.

Joey Lakerdas-Gayle (University of Waterloo)
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X >70 orY >t (is not necessary
The proof is a priority construction on a tree of strategies:
Re: Me = (w,S) = ¢$)<(e) = min(M.)
NX . ®X # C for some c.e. set C
NY : &Y - D for some c.e. set D
® To satisfy R., watch D(M.) and enumerate into X or Y
when the guess for min(M,) changes.
® Problem: We might restrict initial segments of X and Y such
that we cannot satisfy Re.
¢ (Partial) solution: Build the tree dynamically so that we can
“prioritize” Re if it cannot enumerate into X.
® New problem: Different parts of the tree are ordered
differently and may enumerate into X and Y “incorrectly”.
¢ (Partial) solution: Allow elements to be removed from the
approximation of X. Hence, X is 5. The asymmetry of R.
allows Y to remain c.e.
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Questions

Question
Are there X, Y <1 (V such that (w,S) is w.X.u.Y.c.c.?
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Questions
Question

Are there X, Y <1 (V such that (w,S) is w.X.u.Y.c.c.?

Question

Which sets of pairs of degrees have the form
{(c,d) : A isw.cud.c.c.}

for some computable structure A? Which pairs are minimums of
these sets?
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Questions
Question
Are there X, Y <1 (V such that (w,S) is w.X.u.Y.c.c.?

Question

Which sets of pairs of degrees have the form
{(c,d) : A isw.cud.c.c.}

for some computable structure A? Which pairs are minimums of
these sets?
Question

What can be said about the relationship between weak uniform
computable categoricity and strong uniform/relative computable
categoricity?

Joey Lakerdas-Gayle (University of Waterloo)
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Thank you!
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